We address a question of Cavenagh and Wanless asking: which finite abelian groups arise as the canonical group of a spherical latin bitrade? We prove the existence of an infinite family of finite abelian groups that do not arise as canonical groups of spherical latin bitrades. Using a connection between abelian sandpile groups of digraphs underlying directed Eulerian spherical embeddings, we go on to provide several, general, families of finite abelian groups that do arise as canonical groups. These families include:
Introduction
Given two latin squares of the same order a latin trade describes the differences between them. Early motivation [12] for their study arose from considering the differences between the operation tables of a finite group and a latin square of the same order, that is: what is the 'distance' between a group and a latin square? The study of the topological and geometric properties of latin trades has lead to significant progress towards understanding such differences, see for example [8, 10, 1, 18, 19] , also see [6] for a survey of earlier results.
Given a latin trade it may be the case that the constituent partial latin squares are not 'contained' (do not embed) in any group operation table, [8] . Hence, it is desirable to identify those that are. Connected latin bitrades of maximum size, equivalently spherical latin bitrades provide a family of latin bitrades for which the constituent partial latin squares do embed. We are interested in the 'minimal group' that such constituent partial latin squares embed in, and indeed what groups arise as such minimal groups.
Spherical latin bitrades
A partial latin square P is an ℓ × m array, in which the cells either contain an element of a set S of symbols or are empty, such that each row and each column contains each of the symbols of S at most once. Without loss of generality we let S = {s 1 , s 2 , . . . , s n } and index the rows and columns by the sets R = {r 1 , r 2 , . . . , r ℓ } and C = {c 1 , c 2 , . . . , c m } respectively (we may assume that each symbol in S occurs at least once in the array and the rows of R and columns of C are all nonempty). As such a partial latin square P can be considered to be a subset of R × C × S such that if (r 1 , c 1 , s 1 ) and (r 2 , c 2 , s 2 ) are distinct triples in P , then at most one of r 1 = r 2 , c 1 = c 2 and s 1 = s 2 holds.
A latin bitrade is an ordered pair, (W, B) say, of non-empty partial latin squares such that for each triple (r i , c j , s k ) ∈ W (respectively B) there exists unique r i ′ = r i , c j ′ = c j and s k ′ = s k such that (r i, ′ c j , s k ), (r i , c j ′ , s k ), (r i , c j , s k ′ ) ⊂ B (respectively W ). B is said to be connected.
Note that (W, B) is a latin bitrade if and only if (B,
Let (W, B) be a latin bitrade; for each row, r say, of (W, B) a permutation ρ r of the symbols in row r can be defined by ρ r (s) = s ′ if and only if (r, c, s) ∈ W and (r, c, s ′ ) ∈ B for some c in C. A row r for which ρ r is comprised of a single cycle is said to be separated. Similar definitions hold for separated columns and separated symbols. A latin bitrade in which each row, each column and each symbol is separated is called a separated latin bitrade. Suppose that (W, B) is a latin bitrade which is not separated. Then replacing each non-separated row x (respectively column, symbol) by new rows (respectively columns, symbol) for each of the cycles in ρ x we obtain a separated latin bitrade. See the survey paper [6] for further details and discussion.
A connected latin bitrade (W, B) can be used to construct a face two-coloured triangulation G W,B of a pseudo-surface Σ in which the vertex set is R ⊔ C ⊔ S and there is an edge between a pair of vertices if and only if the vertices occur together in a triple of W (equivalently a triple of B). For each triple (r, c, s) ∈ W a white triangular face with vertices r, c, s is constructed and for each (r ′ , c ′ , s ′ ) ∈ B a black triangular face with vertices r ′ , c ′ , s ′ is constructed. As (W, B) is a bitrade the graph underlying G W,B is simple, and as (W, B) is connected G W,B is also connected. The pseudo-surface Σ is a true surface if the rotation at each vertex is a full rotation; this occurs if and only if (W, B) is separated (in which case each row, column or symbol permutation corresponds to the rotation at the corresponding vertex). If Σ is not a surface, then replacing each pinch point of multiplicity t with a t vertices, one on each of the sheets at the pinch point, corresponds to the above construction taking a non-separated bitrade to a separated one. As the triangulation G W,B is face two-coloured and the underlying graph is vertex three-coloured it follows, see the proof of Theorem 10.1 in [13] , that G W,B is orientable.
The genus of a separated connected latin bitrade is the genus of the surface obtained in the above manner; in particular separated connected latin bitrades of genus zero are referred to as spherical latin bitrades. Note that for any connected latin bitrade of size ℓ we have that |R| + |C| + |S| ≤ ℓ + 2, with equality if and only if the bitrade is a spherical latin bitrade, see [1] . That is, spherical latin bitrades are the connected latin bitrades of minimal size (with respect to the sum of the number of rows, columns and symbols).
In [7] Cavenagh and Lisoněk prove the following result.
Theorem 1.1 (Cavenagh & Lisoněk, [7] ). Spherical latin bitrades are equivalent to spherical Eulerian triangulations whose underlying graphs are simple.
Note that an Eulerian graph that has an embedding in the sphere is necessarily vertex three-colourable [15] . It is not hard to generalise Theorem 1.1 to surfaces of higher genus, however as face two-coloured triangulations of surfaces of higher genus may not be vertex three-colourable, an additional condition is required. Corollary 1.2. Separated connected latin bitrades of genus g are equivalent to vertex three-colourable Eulerian triangulations of genus g whose underlying graphs are simple.
Embeddings of latin bitrades into abelian groups
Two partial latin squares are said to be isotopic if they are equal up to a relabelling of their sets of rows, columns and symbols. A partial latin square P , with row set R, column set C and symbol set S, is said to embed in an abelian group Γ if there exist injective maps φ 1 : R → Γ, φ 2 : C → Γ and φ 3 : S → Γ such that φ 1 (r) + φ 2 (c) = φ 3 (s) for all (r, c, s) ∈ P . In other words P is isotopic to a partial latin square contained in the operation table of Γ. See Figure 1 for an example.
By defining φ| R = φ 1 , φ| C = φ 2 , and φ| S = −φ 3 it follows, see [1] , that P embeds in an abelian group Γ if and only if there exists a function φ : R ⊔ C ⊔ S → Γ that is injective when restricted to each of R, C and S and is such that φ(r)+φ(c)+φ(s) = 0 for all (r, c, s) ∈ P . The map φ is called an embedding of P . An abelian group Γ is said to be a minimal abelian representation of a partial latin square P if P embeds in Γ and the image of φ generates Γ for all embeddings φ of P in Γ. Two partial latin squares are said to be conjugate if they are equal up to permutations of the roles of rows, columns and symbols. Two partial latin squares, say P and Q, for which a partial latin square isotopic to P is conjugate to a partial latin square isotopic to Q are said to be in the same main class. Note that if a partial latin square P has an embedding in an abelian group Γ, every partial latin square in the same main class as P also has an embedding in Γ.
As we are interested in embeddings (into abelian groups) of partial latin squares (and given that if a partial latin square P embeds in an abelian group Γ, so does any partial latin square isotopic to P ) from here on we will assume that the row, column and symbol sets of a partial latin square are pairwise disjoint.
In [9] Cavenagh and Drápal asked the following questions "Can the individual partial latin squares of a connected separated latin bitrade be embedded into the operation table of an abelian group? If this is not true in general is it true for spherical latin bitrades?". The case of spherical latin bitrades was solved by Cavenagh and Wanless in [8] and independently by Drápal, Hämäläinen and Kala in [10] . Cavenagh and Wanless [8] also showed that separated connected latin bitrades of higher genus exist for which the constituent partial latin squares do not embed in any group. Hence our focus on spherical latin bitrades.
Let P be a partial latin square with row set R, column set C and symbol set S. Let V = R ∪ C ∪ S and define an abelian group A P with generating set V subject to the relations {r + c + s = 0 : (r, c, s) ∈ P }. Note that, if P and Q are two partial latin squares in the same main class, then A P ∼ = A Q . Also, note that two partial latin squares, P and Q, from different main classes may also satisfy A P ∼ = A Q (see Figure 2 in [18] ).
The group A P has the 'universal' property that any minimal abelian representation of P is a quotient of A P , [11] , also see [1] . Moreover A P is of the form Z⊕Z⊕C P , again see [1] . Drápal et al [10] and Cavenagh and Wanless [8] proved that C W is finite when (W, B) is a spherical latin bitrade. So in this case C W is the torsion subgroup of A W . Cavenagh and Wanless conjectured that C W ∼ = C B (and hence A W ∼ = A B ), [8] , also see [17, 5] . This is indeed the case.
The group C in Theorem 1.3 is referred to as the canonical group of the spherical latin bitrade (see [14, 18] ).
In [8] Cavenagh and Wanless asked the following question. It is this question that we address in this paper. For any cyclic group Z n the existence of spherical latin bitrades whose canonical group is isomorphic to Z n was established by Cavenagh and Wanless in [8] . They also noted that no spherical latin bitrade exists whose canonical group is isomorphic to Z 2 ⊕ Z 2 .
Given a face 2-coloured triangulation of the sphere in which the underlying graph is not necessarily simple and leaving the definitions of A W and A B unchanged it is still the case that A W ∼ = A B ∼ = Z ⊕ Z ⊕ C where C is finite [1] . In [18] the second author showed that given any finite abelian group Γ there exists a face 2-coloured triangulation of the sphere whose canonical group is isomorphic to Γ. However, unless Γ is a cyclic group the triangulations constructed have underlying graphs that are not simple.
In Section 2 we prove the existence of several, general, infinite families of abelian groups that arise as canonical groups of spherical latin bitrades. Before doing so, we first prove that there exist infinitely many abelian groups that do not arise as the canonical group of any spherical latin bitrade. Theorem 1.4. There does not exist a spherical latin bitrade whose canonical group is isomorphic to Z k 2 for any k ≥ 2.
Proof. In the following we will make repeated use of the fact that for u, v, w, x, y, z ∈ Z
Let k ≥ 2 and suppose that (W, B) is a spherical latin bitrade whose canonical group is isomorphic to Z Recall that we may assume that the row, column and symbol sets of W (and of B) are pairwise disjoint; denote them, respectively, by R = {r 1 , r 2 , . . . , r ℓ }, C = {c 1 , c 2 , . . . , c m } and S = {s 1 , s 2 , . . . , s n }. Let G W,B be the related triangulation and G be the underlying graph of this triangulation. As G W,B has a proper face 2-colouring, G is Eulerian, and, as (W, B) is a latin bitrade, the minimum degree of G is at least four. Moreover, G W,B is a triangulation of the sphere, so, by Euler's formula, G contains at least six vertices of degree four.
As spherical latin bitrades in the same main class all have isomporphic canonical groups, without loss of generality, we may assume that the degree of r 1 is four, and (r 1 , c 1 , s 1 ), (r 1 , c 2 , s 2 ) ∈ B and (r 1 , c 1 , s 2 ), (r 1 , c 2 , s 1 ) ∈ W where c 1 = c 2 and Figure 2 for an illustration of the corresponding faces).
Figure 2: The vertex r 1 and nearby faces in G W,B .
As 
However, H is isomorphic to K 3,3 ; which contradicts G W,B being a spherical embedding. 
Existence results

Directed Eulerian spherical embeddings
is invariant of the choice of i, see [16, Lemma 4.12] . Hence, the abelian sandpile group of the connected Eulerian digraph D can be defined to be the group
Consider an embedding D of a connected Eulerian digraph D in an orientable surface S. If each face of the embedding corresponds to a directed cycle in D, equivalently the rotation at each vertex alternates between incoming and outgoing arcs, then the embedding is said to be a directed Eulerian embedding, see [2, 3] . If the embedding is in the sphere we call it a directed Eulerian spherical embedding.
Suppose that G is a face two-coloured triangulation of the sphere. By [15] , the underlying digraph of G has a vertex three-colouring with colour classes R, C and S. Tutte [20] described a construction, from G, of directed Eulerian spherical embeddings D I (G) = D I with vertex set I, where I ∈ {R, C, S}. We give a description of the construction from [18] .
Let {I, I 1 , I 2 } = {R, C, S}. Consider a vertex v i ∈ I. Then v i has even degree, say d, the rotation at i is (
Lemma 2.1 (Tutte, [20] ). Given a directed Eulerian spherical embedding D, there exists a face 2-coloured spherical triangulation G with a vertex 3-colouring given by the vertex sets R, C and S, such that for some I ∈ {R, C, S},
Tutte's Trinity Theorem [20] states that |S(
For a spherical latin bitrade (W, B) with corresponding face two-coloured triangulation G, this result was strengthened implicitly in [1] and explicitly in [18] 
Given an arbitrary directed Eulerian spherical embeddings applying the above construction in reverse yields a face two-coloured triangulation. However, the underlying graph is not necessarily simple. In order to make use of the above equivalences (between sandpile groups and canonical groups of spherical latin squares) we make use of the following result. Proposition 2.2 (McCourt, [18] ). Suppose that D is a directed Eulerian spherical embedding with underlying digraph D. Further suppose that D is connected, has no loops, no cut vertices and its underling graph has no 2-edge-cuts. Then there exists a spherical latin bitrade whose canonical group is isomorphic to S(D).
Hence, in order to construct a spherical latin bitrade with canonical group Γ it suffices to find a directed Eulerian spherical embedding satisfying the connectivity conditions of Proposition 2.2 whose abelian sandpile group is isomorphic to Γ.
Arbitrary rank
In this section we will construct families of canonical groups that have arbitrary rank. We will make repeated use of the following, elementary lemma.
Proof. For 1 ≤ i ≤ x and 1 ≤ j ≤ y add Row 2 + i and Row 2 + x + j to Row x + y + 3 of L. Subsequently, for 1 ≤ i ≤ x, add Column 2 + i to Column 2 and, for 1 ≤ j ≤ y, Column 2 + x + j to Column 3 + x + y. Next add Column 2 to Column 1. Now add Column 1 to Column 3 + x + y and p − 1 copies of Column 1 to Column 2. Row 1 can now be used to clear all non-zeros from Column 1. Once this is completed it is easy to see the that the remaining non-zeros in Column 2 can also be cleared.
The proof of Lemma 2.4 is essentially a special case of the proof of Theorem 2.6, however, to aid the reader, we detail this simpler case before proving the general result.
Lemma 2.4. Let 1 ≤ k and let 2 ≤ m, a 1 , a 2 , . . . , a k . Then there exists a spherical latin bitrade whose canonical group is isomorphic to k i=1 Z ma i . Proof. We begin by defining a digraph D m;a 1 ,a 2 ,...,a k with vertex set {α 0 , α 1 , α 2 , . . . , α k , γ 1 , γ 2 , . . . , γ k } and
• m − 1 arcs from α i to γ i and m − 1 arcs from γ i to α i ; • a i − 1 arcs from α i−1 to γ i and a i − 1 arcs from γ i to α i−1 ;
• an arc from α i to α i−1 ;
• for each 1 ≤ i ≤ k − 1: an arc from γ i to γ i+1 ; and • an additional arc from α 0 to γ 1 and an additional arc from γ k to α k .
The digraph D m;a 1 ,a 2 ,...,a k has a directed Eulerian spherical embedding and satisfies the connectivity conditions of Proposition 2.2, as can be seen from Figure 3 (in this figure t arcs from u to v alternating with t arcs from v to u are represented by a bidirectional edge labelled t). Hence, there exists a spherical latin bitrade whose canonical group is isomorphic to S(D m;a 1 ,a 2 ,...,a k ). Assume that S (D m;a 1 ,a 2 ,...,a k ) is isomorphic to
Now, consider the digraph D m;a 1 ,a 2 ,...,a k+1 . Applying Lemma 2.3, with p = m and
It follows that S(D m;a 1 ,a 2 ,...,a k+1 ) is isomorphic to k+1 i=1 Z ma i . It is now easy to establish the existence of spherical latin bitrades whose canonical groups can be expressed as the direct sum of components of composite order. Theorem 2.5. Suppose that Γ is a group isomorphic to a direct sum of cyclic groups of composite order; i.e. Γ is isomorphic to ⊕ k i=1 Z n i , where each n i is composite. Then there exists a spherical latin bitrade whose canonical group is isomorphic to Γ.
Proof. Let n 1 , n 2 , . . . , n k be composite integers and consider
Thus we may assume that gcd{n 1 , n 2 , . . . , n k } = 1. Hence there exists a prime, p say, such that p divides gcd{n 1 , n 2 , . . . , n k }. Note that, as n i is composite for all 1 ≤ i ≤ k, p = n i . By setting m = p and applying Lemma 2.4 the result follows.
The next result addresses the existence of spherical latin bitrades for which the Smith Normal Form of their canonical groups contains components of prime order. Theorem 2.6. Let p be a prime and let 2 ≤ a 1 , a 2 , . . . , a k . Further let n ≤ 1 + 2 k i=1 (a i − 1). Then there exists spherical latin bitrade whose canonical group is isomorphic to
Proof. If n = 0, then this is Lemma 2.4. So for the remainder of the proof assume that n ≥ 1.
First construct the graph D p;a 1 ,a 2 ,...,a k (from the proof of Lemma 2.4). Next, add the following vertices,
• for each 1 ≤ j ≤ ⌊t/2⌋: add vertices ǫ k ′ +1,j ; and • the vertex ǫ 1,0 .
Now,
• replace an arc from α 0 to γ 1 with a single arc from ǫ 1,0 to γ 1 and p − 1 arcs from ǫ 1,0 to α i−1 and p arcs from α 0 to ǫ 1,0 .
• replace the arcs from γ i to α i−1 with single arcs from δ i,j to α i−1 , p − 1 arcs from δ i,j to γ i and p arcs from γ i to δ i,j , where 1 ≤ j ≤ a i − 1.
• replace the arcs from α i−1 to γ i with single arcs from ǫ i,j to γ i , p − 1 arcs from ǫ i,j to α i−1 and p arcs from α i−1 to ǫ i,j , where 1 ≤ j ≤ a i − 1.
• replace ⌈t/2⌉ arcs from γ k ′ +1 to α k ′ with single arcs from
arcs from ǫ k ′ +1,j to α k ′ and p arcs from α k ′ to ǫ k ′ +1,j , where 1 ≤ j ≤ ⌊t/2⌋.
Call the resulting digraph D n p;a 1 ,a 2 ,...,a k , see Figure 4 for an illustration of its construction. Note that D n p;a 1 ,a 2 ,...,a k has a directed spherical embedding, and that it satisfies the connectivity conditions of Proposition 2.2. Therefore, there exists a spherical latin bitrade whose canonical group is isomorphic to S(D n p; a 1 ,a 2 ,...,a k ). For ease of notation, let
Suppose that we order the vertices of
and construct the associated asymmetric Laplacian. Then, removing the row and column corresponding to α 0 yields the reduced asymmetric Laplacian
Which reduces, under a similar argument to that used to prove Lemma 2.3, to
. Applying Lemma 2.3, with
Canonical groups of rank two
In this section we will restrict our attention to canonical groups of rank two. We show that, with one exception and a further three possible exceptions, any finite abelian group of rank two is isomorphic to the canonical group of some spherical latin bitrade. We will make use of the following elementary lemma.
Further let M be the d − 1 by d matrix where
Proof. When d = 2, the result is trivial. Assume that the statement holds for d = k, and consider L(k + 1). Then L(k + 1) reduces to
Adding k − 1 copies of Row k to Row k − 1 followed by adding one copy of the updated Row k − 1 to Row k yields a 1 in entry (k − 1, k − 1) and this is now the only non-zero in Column k − 1. The result follows.
Lemma 2.8. Suppose that 1 ≤ a, b, c. Then there exists spherical latin bitrade whose canonical group is isomorphic to Z ab+bc+ac+1 ⊕ Z ab+bc+ac+1 .
Proof. Without loss of generality we may assume that 1 ≤ a ≤ b ≤ c. Define D a,b,c to be the digraph of order a+b+c+1 with vertex set {α 1 , α 2 , . . . , α a , β 1 , β 2 , . . . , β b , γ 1 , γ 2 , . . . , γ c , δ} and
• for 1 ≤ i ≤ a − 1 an arc from α i to α i+1 and an arc from α i+1 to α i ;
• for 1 ≤ i ≤ b − 1 an arc from β i to β i+1 and an arc from β i+1 to β i ;
• for 1 ≤ i ≤ c − 1 an arc from γ i to γ i+1 and an arc from γ i+1 to γ i ;
• for each ι ∈ {α, β, γ} an arc from δ to ι 1 and from ι 1 to δ; and • a arcs from β b to γ c and from γ c to β b ; b arcs from α a to γ c and from γ c to α a ; and c arcs from α a to β b and from β b to α a .
Note that D a,b,c has a directed Eulerian spherical embedding, see Figure 5 , and that D a,b,c satisfies the connectivity conditions of Proposition 2.2. Hence, there exists a spherical latin bitrade whose canonical group is isomorphic to S(D a,b,c ). 
Computing the Smith Normal form of
The cases where 1 = a < b ≤ c and 1 = a = b < c follow similarly.
Theorem 2.9. For n, m ≥ 2, with one exception and a further three possible exceptions, there exists a spherical latin bitrade whose canonical group is isomorphic to Z n ⊕ Z m . The exceptions are as follows. There does not exist a spherical latin bitrade with canonical group isomorphic to Z 2 ⊕ Z 2 . There may or may not exist a spherical latin bitrade with canonical group isomorphic to Z 3 ⊕ Z 3 or Z 5 ⊕ Z 5 or Z r ⊕ Z r for some r greater than 10
11 . Finally, if we assume the Generalised Riemann Hypothesis, then there exists a spherical latin bitrade with canonical group isomorphic to Z r ⊕ Z r . Figure 6 : Directed Eulerian spherical embedding of a digraph with abelian sandpile group isomorphic to Z 6m+5 ⊕ Z 6m+5 , when m ∈ {1, 3, 9, 11, 21, 31, 36}.
Proof. If n and m are coprime, then Z n ⊕ Z m ∼ = Z nm and the result follows from [8] (it also follows from Lemma 2.4 with k = 1). So assume that n and m are not coprime, that is we are in the rank 2 case.
Suppose that n = m. If n and m are both composite, then the result follows from Theorem 2.5. So suppose that n is prime and m is composite. Then as n and m are not coprime m = kn for some k > 1 and the result follows from Theorem 2.6.
So, suppose that n = m. If there exist a, b, c ≥ 1 such that ab+ac+bc+1 = n, then by Lemma 2.8 there exits a spherical latin bitrade whose canonical group is isomorphic to Z n ⊕Z n . In 
Questions
We conclude with three questions for future consideration. The first two address the remaining cases to be considered in order to resolve Question 1.
Question 2. Let p = 2 be a prime, n ≥ 3 if p > 7 and n ≥ 2 if p = 3 or 5; does there exist a spherical latin bitrade with canonical group is isomorphic to Z n p ? ‡ The families of indicated in Figures 6 and 7 generalise to give abelian sandpile groups isomorphic to Z 6m+5 ⊕ Z 6m+5 , for all m ≥ 1 and Z 3m+1 ⊕ Z 3m+1 , for all m ≥ 1, respectively. However, we do not require these more general results to prove Theorem 2.9. m m m Figure 7 : Directed Eulerian spherical embedding of a digraph with abelian sandpile group isomorphic to Z 3m+1 ⊕ Z 3m+1 , when n ∈ {2, 6, 10, 14, 26, 34, 110, 154}. 
